We refer the reader to [2] for the construction of a sticky flow on the circle. A Brownian sticky flow is a sticky flow whose one point motion is a Brownian motion.
Let us first recall Tsirelson's definition of a noise (see [3, 4] ) : A noise consists of a probability space (Ω, F , P), a family (F s,t ) s≤t of sub-σ-fields (also called a factorization) of F and a one-parameter group (T h ) h∈R of transformations of Ω preserving P such that (i) for all s ≤ t ≤ u, F s,u = σ(F s,t ∪ F t,u ).
(ii) for all t 1 < · · · < t n , (F t i−1 ,t i ) 1≤i≤n is a family of independent σ-fields.
(ii) for all s ≤ t and h ∈ R, T h (F s,t ) = F s+h,t+h .
In [1] , a noise N = (Ω, F , (F s,t ), P, (T h )) is associated to a stochastic flow of kernels on a locally compact separable metric space M (more precisely to the law of a stochastic flow of kernels), with Ω = s≤t E (E is the space of kernels on E), F = ⊗ s<t B(E) (B(E) is the Borel σ-field on E), K s,t (ω) = ω(s, t), P is the law of the stochastic flow of kernels and T h is defined by T h (ω)(s, t) = ω(s + h, t + h). We call this noise the noise of the stochastic flow of kernels K.
A process X = (X s,t ) s≤t is called a centered linear representation of a noise
is the set of all L 2 -functions with mean 0) and for all s ≤ t ≤ u, a.s. X s,u = X s,t + X t,u . We denote by H lin 0 the space of centered linear representations of N. The linear part of N, denoted N lin = (Ω, F , (F lin s,t ), P, (T h )), is a subnoise of N (i.e. F lin s,t ⊂ F s,t ) where
The purpose of this note is to prove Theorem 1 The noise of a Brownian sticky flow is black.
The proof of this theorem follows [4] . A noise N is called continuous (or the factorization (F s,t ) is called continuous) if for every X ∈ L 2 (P), the mapping
is continuous.
Lemma 2
The noise of a stochastic flow of kernels is continuous.
Proof. It is enough (see exercise 8b7 in [4] ) to show that for all s ≤ t and all X ∈ L 2 (P),
Let us remark that L 2 (P) is spanned by linear compositions of functions of the form
where f i j are Lipschitz continuous functions on M, x i j ∈ M and t 0 < · · · < t n . In the case X = K 0,1 f (x), (1) is satisfied for all 0 < s < t < 1 since (in the following, P t denotes the Feller semigroup of the one-point motion)
Similarly, it can be shown that (1) is satisfied for all X of the form (2) and all s ≤ t. Thus N is continuous.
From now on, N denotes the noise of a sticky flow.
Let H 1 (s, t) = {X s,t : X ∈ H lin 0 } be the first chaos of N. For every X ∈ L 2 0 (Ω), H s,t (X) denotes the orthogonal projection of X on H 1 (s, t). We set
(see exercise 8b6 in [4] ). Note that N is black if H(X) = 0 for all X ∈ L 2 0 (P), or equivalently for all X ∈ L 2 0 (F 0,1 ). In the following, P t denotes the semigroup of a Brownian motion on S 1 .
Lemma 3 Let f be a Lipschitz function on S 1 , then for all x 0 ∈ S 1 ,
Proof. The result holds if
converges towards 0 in L 2 (P) as n → ∞. Since the terms in the sum are independent, this holds if
converges towards 0 as n → ∞. Note that for all 0 ≤ s < t ≤ 1,
We set µ s (dx) = P s (x 0 , dx), g t = P 1−t f and ε = t − s. Then we have
where P (2) t is the semigroup of the two point motion of the sticky flow and P ⊗2 t is the semigroup of two independent Brownian motions on S 1 . Note that
where P (2) (x,y) and P ⊗2 (x,y) are respectively the laws of the two point motion starting at (x, y) and of two independent Brownian motions starting at (x, y) and τ = inf{t, X t = Y t }. Thus we get
where c l is the Lipschitz constant of f (then for all positive t, g t is c lLipschitz). Let m be the normalized Lebesgue measure on S 1 . Then µ s (dx) = h s (x)m(dx) and
where C 1 is a positive constant, B t is a Brownian motion on R starting at z, T = inf{t, B t ∈ {0, 2π}} and f is a 2π-periodic function with f (x) = x 2 for x ∈ [−π, π] (we use the fact that (d(X t , Y t ) 2 , t ≥ 0) and (f (B 2t ), t ≥ 0) have the same distribution for z = d(x, y)). Since T = T 0 ∧ T 2π , where T 0 = inf{t, B t = 0} and T 2π = inf{t, B t = 2π}, we have
And we have, for all z
Using the reflection principle,
It is well known that there exists a constant C 2 such that h s ∞ ≤ C 2 s −1/2 . This implies that there exists a constant C 3 such that
−n/2 log(2 n + 1), which converges towards 0. This proves the lemma.
Proof of the theorem. We are going to show that H(X) = 0 for X ∈ L 2 0 (F 0,1 ). Since linear combinaisons of functions of the form (2), with 0 = t 0 < t 1 < · · · < t n = 1, is dense in L 2 (F 0,1 ) and since, for some constant c i ,
we have (we take X such that for all i, E[
Thus, if we show that H s,t ( 
Remark 4
Note that this proof also shows that the noise generated by Arratia's coalescing flow is black. It is in fact a continuous time version of Tsirelson's proof in [4] .
